Introduction
In a recent paper [1] , a set of higher order hierarchical basis functions based on Legendre polynomials was presented. These basis functions have been applied in a variety of different integral equation (IE) formulations solved by the Method of Moments (MoM) [1] - [9] . Owing to their hierarchical structure, the basis functions are well-suited for solution of complex electromagnetic problems involving multiple homogeneous or inhomogeneous dielectric regions, metallic surfaces, layered media, as well as all types of material junctions. Due to the different wavelengths encountered in different regions, such problems usually lead to geometrical meshes comprising elements of varying electrical sizes and irregular shapes. Basis functions of the hierarchical kind can then be applied very efficiently by adapting the expansion order along each dimension to the electrical size of the individual mesh elements. The basis functions discussed above are derived from orthogonal Legendre Pm(u)Pn(v)Pq(w), and Pm(u)Pn(v)Pq(w) for the u-, v-, and w-directed components, respectively. A detailed description of the formulation for wires and surfaces is found in [1] and for volumes in [21. These references also describe several desirable features of the Legendre basis functions. Most notably, these functions provide a near-orthogonal expansion of the unknown quantity and an orthogonal expansion of its derivative. This leads to almost constant matrix condition numbers for increasing expansion orders which constitutes a major improvement in comparison to other types of higher order basis functions [1, 2] . An independent study [6] verified that the Legendre basis functions reduce the number of iterations when solving the MoM matrix system with an iterative solver.
Application to Integral Equation Formulations 3.A Surface Integral Equations
The surface IE (SIE) formulation can be used to treat any scatterer consisting of metallic surfaces and homogeneous dielectric regions, e.g., by using the PoggioMiller-Chu-Harrington-Wu (PMCHW) formulation which is based on the surface equivalence principle. Each boundary between two regions with different constitutive parameters is meshed and equivalent electric and magnetic surface currents are introduced. For a surface separating two dielectric regions, the expansion order on each patch is chosen from the shortest wavelength in the two regions separated by the patch. If a PEC surface is embedded in a dielectric material, only electric currents are needed. For a PEC surface separating two dielectric regions, two independent electric current sheets are required, each radiating in a single region. The expansion order on each current sheet is then chosen independently which is an important advantage of the hierarchical basis. By using a non-hierarchical basis, the currents are either over-discretized in one of the two regions, or two different meshes are required. The latter approach creates problems if the two current sheets are joined and the continuity enforced. If three or more patches share an edge, a junction is formed and unnecessary unknowns are removed by enforcing continuity.
3.B Volume Integral Equations
The volume IE (VIE) formulation can be used to treat inhomogeneous dielectric objects where the permittivity changes continuously. The VIE can also be applied to homogeneous dielectrics although the SIE is more efficient, except for thin coatings. In the VIE formulation the volume equivalence principle is applied to arrive at an IE with the electric flux density D as the unknown. By using a hierarchical basis, a uniform mesh can be used irrespective of the permittivity in the individual hexahedrals by adapting the expansion order to the local wavelength in each hexahedral. For non-hierarchical basis functions, a uniform mesh would lead to over-discretization. As an example of a complex problem, a recent study applied Legendre basis functions for modeling high-contrast dielectrics encountered in metamaterials [4] . 3.C Volume/Surface Integral Equations The VSIE formulation can be applied to composite dielectric/metallic objects with possibly inhomogeneous dielectric regions. The unknowns are the electric flux density D and the electric surface current J. By using the combined VSIE formulation, all the advantages of the Legendre basis functions described in the previous subsections are inherited. However, an additional advantage for the VSIE formulation was described in [5] . The modified polynomials in (1) satisfy the relation au Pm(u) = (2m-1)Pm_1(u) for m > 2 which makes it straightforward to satisfy the continuity condition at the interface between dielectric and metal, i.e., n D = -V J. This makes it possible to eliminate a significant number of basis functions at the interface by explicitly enforcing the continuity. At the same, the enforced continuity adds stability to the solution [5] . Note that explicitly enforcing the continuity is complicated, if at all possible, with other types of higher order basis functions.
3.D Layered Media
The dyadic Green's function of a planar multilayered medium can be incorporated into the SIE/VIE formulations described in Subsections 3.A-3.C. This allows quite complicated problems to be solved, e.g., a composite dielectric/metallic object buried in a lossy ground. Application of the Legendre basis functions to such prob lems was described in [3] for SIEs and [7] for VIEs. In addition to the advantages described in Sections 3.A-3.C, the hierarchical expansion allows the expansion order to be adapted to the wavelength in the specific layer. Furthermore, the application of higher order basis functions leads to a very pronounced reduction in matrix fill time since the computation of the multilayer Green's function is relatively timeconsuming. Each mesh element can have hundreds of basis functions defined on it which enables a much better reuse of the Green's function than for low order basis functions.
3.E Hybrid MoM-PO for Large Structures
For electrically large structures, the hybrid MoM-PO formulation can lead to very accurate results. The scatterer is divided into a PO region and a MoM region. The PO region consists of the smooth part of the scatterer and the MoM region is the rest. Both the MoM and the PO currents are discretized using MoM basis functions which allows all the interactions between the two regions to be included and current continuity to be enforced at the region boundaries. The hybrid method requires that the known PO current is projected onto the basis functions or that the inverse of a projection matrix is known. Regardless of the method preferred, the orthogonality of the Legendre basis functions implies that the projection step can be carried out without matrix inversions. This is generally not possible with other types of higher order hierarchical basis functions and Galerkin testing. The higher order version of the hybrid PO-MoM was described in [8, 9] . 4 . Numerical Example An example problem that can be solved with both the SIE and the VSIE formulations is the composite spherical object shown in Figure 1 . The object consists of a PEC region and three dielectric regions with different permittivities. This is a challenging modeling problem involving both flat and curved surfaces, a PEC wedge, and junctions of up to four different materials. The object is illuminated by a plane wave and the bistatic RCS in the B-and H-planes are reported in Figure 1 where an excellent agreement between the two methods is observed. The SIE employed 256 curved quadrilateral patches with 2nd-5th order expansions resulting in a total of 12968 unknowns. The MoM system was solved in only 71 GMRES iterations using a preconditioner tailored to the higher order basis functions [9] . The VSIE employed 96 curved quadrilateral patches with 2nd-4th order expansions and 224 curved hexahedrals with 2nd-6th order expansions. This resulted in 37612 volume unknowns and 2248 surface unknowns. By explicitly enforcing the continuity at the interface between metal and dielectric, 1160 unknowns can be eliminated resulting in 38700 total unknowns which illustrates an advantage of the Legendre basis functions when the VSIE is used. Numerical examples for the other formulations mentioned in Section 3 will be presented at the conference. Figure 1 : Bistatic RCS of a composite sphere in the E-and H-planes obtained with the SIE and the VSIE (10 dB has been added to the H-plane for better separation of the curves). The geometry is shown on the right.
